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Abstract: The primary and secondary school educational system should be stable and any upgrading reforms
should be made gradually and consistently. This is especially important in mathematics education, since the
element of logical reasoning while learning is more prominent there. Inconsistencies in reforms generate
deficiencies in the higher levels of young students’ reasoning skills and this situation continues on the university
stage of education. We will report our findings about the reasoning of first-year university students on elements
of geometry and associated algebra. We conducted an experiment where students’ understanding of the
definition of dot product of two vectors, cosine function and linear (in)dependence of vectors is evaluated, and
address their mathematical activity to provide insight into the key elements of the problem they are solving. We
use Bloom’s and SOLO taxonomy as a tool for the assessment of our findings. We obtained the data from
written exams given to vector algebra students and also from individual interviews.
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Introduction

National assessments and other educational investigations have acknowledged that there is a constant need for
improvement in mathematics teaching and learning. The basic idea of today’s educational research is to
contribute to improving learning with understanding. The constant changes made to our state educational system
are not always comprehensive. In the authors’ opinion, partially reforming separate stages of education leads to
the fact that an overall effect in math achievements is disconnectedly adopted knowledge. So, when it comes to
the application of mathematical skills which require in-depth understanding of interconnections within the learnt
material, the observed results are unsatisfactory. It seems that the students’ competence in mathematical
applications developed in a shallow, superficial fashion. It brings us to the question, does our university produce
good math teachers and are they prepared to respond to new challenges? How does a lack of previously adopted
knowledge affect math teachers’ preparedness and in what ways does it hamper their motivation for acquiring
teaching skills? Is creating a good math student sufficient for having a good math teacher? These questions,
along with identifying the reforms’ missteps with respect to primary and secondary school mathematics, arise
while working with university students. The observed gap between the obtained and expected level of students’
performance in the first year of math studies, prompted us to check the fulfillment of some standard educational
objectives amongst our students. Findings of this type should not be understood as a plain critique of students’
skills, but as an investigation of the pathways in the system where the acquirement of the mathematical critical
reasoning skills has weakened. We accept that mathematical problem solving skills and common critical
thinking are related, (Alcantara and Bacsa 2017; Sumarna et al. 2017; Jacob 2012), etc., which makes
mathematics a core academic skill for forming successful individuals, persons who can debate their ideas with
others and who can advocate for their ideas in a constructive manner. These are traits of citizens in a highly
functional society. We address the issue of critical thinking skills, in a group of 30 first-year university students
that enrolled mathematics module at the Faculty of Natural Sciences and Mathematics in Skopje, in the winter
semester of 2018/2019. We use Bloom’s and SOLO taxonomy, as a theoretical basis, to evaluate the students’
performance on three selected problems from a Vector algebra (VA) course in connection with the geometric
definition of a dot product of two vectors.
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Why should we consider such a simple problem? Understanding the notion of dot product of two vectors as well
as possible in the first year of studies (first semester) is very important, since it has many applications in linear
algebra and physics. The notion of dot product of two vectors in three-dimensional Euclidean space can be
generalized to inner product for vectors in higher dimensions in real and complex vector spaces by abstracting
the properties of the dot product. Certainly, dot product is used in the higher course of Analytic geometry in the
second semester, as well as applications in physics and the mentioned generalization is a topic of several other
courses: Physics 1 (a course in the third semester) and second and sixth semester courses of Linear Algebra and
Vector Spaces, respectively.

The need of this type of investigation has been underlined in 1906, when Henry S. White considered how the
course Analytic Geometry should be taught. Although more than a century ago, some conclusions can easily be
transferred to Vector Algebra and today’s math teaching: the educational value of a subject is found less in its
extension than in its intension; less in the multiplicity of its parts than in their unification through a few
fundamental or climactic principles, (White 1906). The transfer of knowledge and full and complete utilization
of previously adopted knowledge, in this sense, is a major educational benefit.

The obtained data from the conducted experiment indicate that students find it hard to adapt from the way of
teaching in high school into the new way of teaching at the faculty. Even though they have only 10 subjects in
the first year (5 in each semester), many of them cannot get used to the faster pace of teaching and to the
requirement for consistency in learning the new material. This brings us to the following problems: 1) Can
students relate to the material that is learned in high school? 2) Can they clearly understand the lecture notes and
exercises, including newly introduced notions? Can they properly use the recommended literature? Are they
willing to use other materials or resources when faced with difficulties in understanding? 3) Can they apply the
obtained knowledge in a new situation? We will try to provide some answers to these questions, since we are
confident that there are enough simple problems in the first year of mathematics university studies that can be
used for the development of critical thinking that “should not wait until students take advanced-mathematics
courses”, (Harel and Sowder 2005).

Theoretical Background

What does critical thinking mean? A comprehensive review of the many approaches to this matter is given by
(Lai 2011) and it includes: philosophical approach, which focuses on the qualities of an ideal thinker; the
cognitive psychological approach that focuses on how people think in real situations, and also the educational
approach that categorizes students’ cognitive learning. The most cited work among educational practitioners on
critical thinking is Bloom’s taxonomy (classification) of educational objectives, (Bloom et al. 1956). By this
classification, students’ cognitive skills are ordered hierarchically, i.e. there are six stages of cognition:
knowledge, comprehension, application, analysis, synthesis and evaluation. Each stage has a precise definition
(see Table 1). Bloom’s taxonomy model has been revised by (Anderson and Krathwohl 2001). The original six
stages “were retained, but with important changes. Three categories were renamed, the order of two was
interchanged and those category names retained were changed to verb form to fit the way they are used in
objectives”, (Krathwohl 2002) (see Table 1).

Critical thinking objectives for business curriculums are considered in (Zapalska et al. 2018). Here, in a similar
way, we discuss the critical thinking skills that four years university students in mathematics are required to
have. We have arranged them in the following way: students in the first-year level must develop skills such as
remembering, understanding and applying; second-year students are not only expected to have the first three
stages of skills, but to analyze the material and make relationships between concepts and ideas; by the end of the
fourth-year level, students are expected to evaluate ideas, to make links between theories, or between theories
and real world problems and to create something new (such as their graduate thesis or to write an essay on a
popular mathematical subject.

The first stage of Bloom’s taxonomy is very important for mathematics students. It can be described by the
question “Can the student recall or remember the information?”, (Zapalska et al. 2018). Firstly, one cannot
stress enough how important it is for first-year mathematics students to have good background knowledge of
elementary mathematics. They should be able to remember the high school mathematical terminology with ease,
formulas, methods of solving geometry, trigonometry or algebra problems... Secondly, students must also
remember the newly acquired concepts and ideas so that the analytical process may begin. ”Without
memorization, the critical thinking process cannot proceed further”, (Zapalska et al. 2018).
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The second stage of understanding is essential in the first year of student academic education. It can be
described with the question “Can the student explain concepts or ideas?”, (Zapalska et al. 2018). In
mathematics this means that the student must know the definitions of the notions and formulations of important
theorems or propositions, as well as examples and counterexamples related to the subject. The first-year
mathematics students must overcome the basic notions of mathematical logic, which will enable them to
understand the ways of conducting proofs of theorems. By mastering this stage, the student can be certain that
they will be successful in the future learning process.

The third stage of the educational process, applications, can be described with the question “Can the student use
the information in a new way?”, (Zapalska et al. 2018). This is the most difficult part for a mathematics student,
where they are asked to identify the problem and to apply the learned notions, rules, methods and properties to a
specific problem.

The fourth stage, analyzing, corresponds to the question “Can the student explain the relationships between
different parts of the material?”, (Zapalska et al. 2018). Students are expected to break down the material into
constituent parts, to determine how these parts relate to one another or how they interrelate and then recognize
how they are organized as a whole. In this higher stage of education, they should be able to recognize and
explain patterns or relationships between different concepts they have learned. This stage is crucial for the
students’ independent thinking.

The fifth stage of the educational process is evaluating, i.e. making judgments about the value of ideas, methods,
solutions, works, etc. Even though evaluation is at the end of this classification, it does not mean that it cannot
lead to new analyses, acquiring new knowledge or discovering a new application, (Bloom et al. 1956). Also,
some criteria in the evaluation process should be posted and followed (for instance, logical accuracy,
consistency and absence of errors or the use of techniques, methods or rules). Either way, the student should be
able to justify a position.

The sixth stage, creating, is the highest form of learning, since the student must be able to create something on
their own (usually for undergraduate mathematics students this means a work on their graduate thesis or, in
some cases, publishing a paper on a popular mathematical subject). Such tasks are highly absorbing (if done
properly) and they can bring the student a great personal satisfaction, (Bloom et al. 1956).

Table 1. The Cognitive Process Dimension (Krathwohl 2002)
Bloom’s taxonomy 1956 Anderson and Krathwohl’s taxonomy 2001
Knowledge Remember
Remembering of previously learned material (includes | Recognizing or recalling knowledge from
recalling and repeating memorized facts, definitions, | memory. Memory is used to produce or retrieve
methods, theories). definitions, facts, concepts, key ideas, etc.
Comprehension Understand
The ability to grasp or construct a meaning of A clear understanding of material and constructing
previously learned material. This may be demonstrated | meaning by interpreting, exemplifying,
by interpretation of the material (explaining, classifying, summarizing, inferring, comparing or

differentiating or concluding). explaining.

Application Apply

The ability to use learned material, or to Carrying out or using a procedure in a given
implement it in new and concrete situations. situation.

Analysis Analyze

The ability to break down the material into parts and to
identify the relationship between them, so that its
organizational structure may be understood.

Synthesis

The ability to put parts together to form a coherent

or unique new whole. This means assembling,
combining and organizing part of the material to
prepare, formulate or construct new material.
Evaluation

Breaking material into its constituent parts

and detecting how the parts relate to one another
and to an overall structure or purpose.

Evaluate

Making judgments based on criteria and

standards through checking and critiquing.

It is often a necessary part of the precursory
behavior before one creates something.

Create

The ability to judge, check, estimate, argue and even
criticize the value of material for a given purpose.

Putting elements together to form a novel,
coherent whole or make an original product.
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When it comes to developing critical thinking among mathematics students, one cannot circumvent the SOLO
taxonomy, since it provides a model for the levels of understanding. The abbreviation SOLO stands for
Structure of the Observed Learning Outcome. This taxonomy proposed by (Biggs and Collis 1982; Biggs and
Tang 2011) represents a systematic way of describing how students’ performance grows in complexity when
mastering tasks. There are five levels of understanding: pre-structural (the student is unsure of the lesson or the
subject, uses irrelevant information and/or misses the point altogether), uni-structural (students know only the
basic concepts of a subject), multi-structural (student approaches the subject in several aspects, but they are
treated separately and are disconnected), relational (the complexity of the subject is mastered and the student
can join all the parts together, i.e. the student can form a structure of the subject and therefore has competence to
compare, relate, analyze and apply) and extended abstract (students’ knowledge has reached a higher level,
where they can look at the subject in a new way, can make abstractions and generalizations on a certain topic or
in a certain area).

Teaching Experiment in the Light of the First Three Stages of Bloom’s Taxonomy

We have chosen three dot product problems to investigate the first three stages of Bloom’s educational
classification, since they are essential for the beginning of the mathematical education of prospective
mathematics teachers. The assignments were given during the last three weeks of the fall semester of 2018 on
written tests. In this Section, the solutions to the problems and comments about the educational value of the
proposed experimental problems are provided as well.

Each of these problems requires the student to transfer from a geometric description of the problem (where one
uses the notions such as point, line or vector), to an algebraic description of the problem (where one uses linear
combination, linear dependence of vectors or methods for solving systems of linear equations). In what follows,
we discuss the students’ responses and the difficulties they have in the first three stages of learning. We will
evaluate the levels of understanding in each of the problems using the SOLO taxonomy.

The fundamental definition of a dot product (or scalar product) of two vectors states that it is the product of the
lengths of each vector and the cosine of the angle between them, i.e. a-b=|a|-|b|-cos £ (a,b) .

The first thing that students learn from the lectures is that the dot product of two vectors results in a real number,
not a vector. The next thing they are asked to notice is that if the angle between the vectors a and b is /2, i.e.

if the vectors are perpendicular, then the dot product equals zero. And, if the angle is 0 or T, i.e. the vectors are
collinear, the dot product coincides with + the product of the lengths of the vectors.

The first problem we considered requires the students to manage the definition of dot product, which is
supposed to be well understood. From a mathematical perspective, the problem is procedural in nature.
However, we expected the students to react when “something weird” appeared in the solution and use their

knowledge on cosine function obtained in high school. It is also expected to search for the reasons why using
the right techniques leads to a weird solution, if noticed. To our discontent, that was not the case.

Problem 1. Let vectors a=6m+2n and b=8m+3n be such that |a|=|b|=1 and the angle between the

vectors a and b be £ (a, b)=§. Determine the angle between the vectors m and n, if |m|=|n|=3.

Solution. From the given conditions and the definition of the dot product we obtain that
a~b:|a|-|b|-cosz(a,b):cosgzg.Ontheotherhand,

a-b=(6m+2n)-(8M+3n)=48|m|* +34m-n+6|n|*=48-9+34-3-3-cos £ (M,n) +6-9.
Comparing these two equations we conclude that %:486+306~cosz(m,n) which implies that

cos £ (m,n) =-1,587 . Considering the fact that cos £ (m,n) [-11], it is clear that vectors that satisfy the
given conditions do not exist.

Most of the students got half way through the solution. None of the students that have nearly solved the problem
noticed that the value of the cosine is beyond the range of the cosine function, and despite the technically correct
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procedure, none of them have presented a conclusion, a comment or a final answer. Not to mention, as
perspective teachers, none of them even wondered why the answer is out of range, or if there are more than
enough conditions given (although this question takes us to the higher stages of the classification of knowledge).
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Figure 1. The Work of a Student whose Performance is Amongst the Few that Understood the Problem.

Only two students suspected that something was wrong with the conditions of the given problem, but did not
confirm their suspicions (got half way through). Just looking at the lengths of the vectors m and n, one can
intuitively sense that something would “not add up” in the numerical solution of the problem. Namely,
considering the lengths of the vectors a and b, and the fact that |a| =|b|=1, we obtain that

|a|2=(6m+2n)2 =36|m|® +24m-n+4|n[’=360+24m-n,i.e. 24m-n=—359,

|b|?=(8m+3n)" =64|m[* +48m-n+9|n|>=657+48m-n, i.e. 48m-n=—656.
Dividing this last equation by 2, one obtains that 24m-n=-328. This clearly contradicts the result
24m-n=-359. This means that in the requirements of the problem there is no need of the vector b (neither its

form as a linear combination nor its length). There is no need of the angle between the vectors a and b, as
well.

Namely, considering the fact that 24|m|-|n|-cos£(m,n)=-359, one can verify that
—-359 -359

= =-1,66, is a contradiction, i.e. such vectors do not exist.
24|m|-|n| 24.9

cos Z(m,n) =

In what follows we will see a problem that is properly set. However, the students have difficulties in
understanding the problem when formulated as it is.

Problem 2. (Samardziski 1991) a) Determine a vector n that is coplanar with the vectors p and q, if | p| =4,
|q|=1, the angle between the vectors p and q is z/3 and n-p=7, n-q=3.
b) Determine the length of the vector n and the angle between the vectors n and p.

Solution. a) Since n is coplanar with the vectors p and q it follows that there are A,u €R, such that n is a
linear combination of the vectors p and q, i.e. n=2Ap+puq. Multiplying this equality first by the vector p and
then by the vector g we obtain the following:

1
1Hn-p=A2| p|2+up'q < n-p=1| p|z+u| p|-|al-cos £ (p,q) <:>7:16k+4§u,

1
2) n-q:}»p-qﬂl-|q|2 < n-q=A4| p|~|q|-cosz(p,q)+u|q|2 <:>3:4§7\,+u.

The solution to the obtained system can be computed easily:
160 +2n="7 1 17
= :
20 +u=3 12
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The length of the vector n can be computed as follows:

1308 . {1308
[ =(2p+ua)’ = 2% p[ +24up-a+p?|af =7 e n|="7=.

The angle between the vectors n and p is computed using the definition of scalar product of vectors:

np 712 741308

= ~0,58.

/ s = = =
cos Z(n, p) n[1o~ V3084 436

Note that in this problem there are no issues with the value of the cosine (it is in the range of values). Students’
biggest problem in this situation is the understanding of the concept of linear dependence of vectors and its
connection to coplanar vectors, i.e. the relations between the algebraic notions with geometric representations.
Having in mind that linear dependence of vectors is studied not only in the VA lecture notes, but in the elective
course of Linear algebra and analytic geometry in the 11l year of secondary education as well (19 students), the
results show that students failed either the first stage of remembering (11 students) or the second stage of
understanding.

If the problem is formulated differently, namely if instead of the notion of coplanar vectors, we set the
formulation through a linear combination (we will refer to it as Modified Problem 2), then most of the students
come to its algebraic solution just following the algebraic pattern. Justification might be found in (Pujol 2017),
where using a linear combination of vectors can be one concept of proving the existence of dot and cross
product. It is not the case in our VA curriculum, but one may consider different approaches in order to bring the
definitions and the connections to Linear Algebra in general closer to students.

The following problem addresses the issue of applying gained knowledge to obtain a proof of a geometry
theorem that students have learned in the sixth grade of primary school.

Problem 3. Determine the angle ¢ between the diagonals of the parallelogram with acute angle « and sides

with lengths a and b. Using the obtained result, prove that the diagonals in a rhombus are mutually orthogonal.
Solution. Let ABCD be a parallelogram. The idea of the solution is to set the vectors AB and AD as such that

| AB|=a and | AD|=b. Also, Z(AB, AD) = a. To simplify the notation we will denote the vectors AB and
AD by a and b, respectively.

D &

=all

>

A a B
Figure 2. The Sketch Students are Expected to Draw

Denote by d, and d, the vectors of diagonals AC and BD of the parallelogram, respectively, and by ¢ the
angle between them. Clearly, d, =a+b and d, =a—b. By the definition of scalar product of vectors, we
obtain that:

(a+b)a-b) ~ a’-b’

la+b|-la-b| |a+b|-]a-b]|

Note that, |d, |2 =(a+b)* and |d, |2 =(a—Db)>. Then, by the definition of dot product, we obtain that

CoSQ =

|d, | = Ja? + 2abcos o +b? and |d, |= Ja® —2abcosa +b?, so the final result gets the form

cosp = a’ b = a’ —b° ie
(p_\/(a2+b2+2abcos )(a® +b? —2abcosa) f(a® +b?) —4abcos’ ol
o o) (a®+b%) a S° o
a’ —b?
cos( =

Ja* +b* —2a%b? cos 20

There were issues in reaching the final conclusion. Firstly, only half of the students used sketches of a
parallelogram and suitably set the vectors AB and AD to be such that | AB|=a and | AD|= b. Secondly,
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even though some of the students use the fact that a="b (the case of rhombus), the conclusion that cosp =0,

thus ¢ =90° (i.e. the diagonals in a rhombus are mutually orthogonal) was not obtained. Clearly, one can

formulate this problem differently: if the diagonals of a parallelogram are mutually orthogonal, then the
parallelogram is a rhombus. We expected the students to come to this conclusion themselves. However, that was
not the case with this group.

Methodology and Results

The case study took place at the Faculty of Natural Sciences and Mathematics in Skopje and was conducted
among 30 mathematics first year students (involved in three different mathematics modules), but mainly
studying the Mathematics Education module. We chose the Vector algebra course (VA) that is obligatory for all
students. The VA course is organized by the Mathematics Institute with three hours of lectures each week and
three hours of tutorials. The goals of the course are to help students acquire knowledge for derivation of
formulas that characterize elementary-geometric relations in the Euclidean space and their appropriate use in
solving problems, as well as geometric interpretation of the obtained results. In this process they are expected to
develop certain mathematical skills and realize the importance of correct mathematical communication,
especially when writing formal proofs that will prepare them for higher mathematics and physics courses.
Among the university curriculum resources, the students use professors’ lecture notes and the textbook (Ulgar
1996), mostly as a guide on what to learn, as well as two collections of problems, (SamardZziski 1991) and
(Celakoski 1996), mainly used for worked examples and exercises.

As mentioned earlier, 30 students participated in the study: 23 newly enrolled students and 7 students who failed
the VA course in the previous semester. In terms of secondary school background, 20 students attended the
Natural Sciences and Mathematics A module, 1 student graduated the Faculty of Electrical Engineering and
Information Technology, and 9 of them had acquired vocational education, mostly in economics (6 students).
Most of them (93%) had their secondary school matriculation examination project work in mathematics, physics
or computer science. Surprisingly, as far as motivation goes, it seems that students that had average grades on
their secondary school matriculation examination test in mathematics (mostly 4 or, in some cases, 3) are more
motivated to learn the material and put more effort into it, instead of those who had a 5 or 2 (Grade 5 is
excellent, 4-very good, 3-good, 2-satisfactory, and 1-unsatisfactory) The results of the experiment indirectly
show that these students are more susceptible to accept new assessment criteria of their obtained knowledge.

The selected problems were chosen so we could determine the level at which they remember previously
obtained knowledge, levels of understanding the notions and ideas behind the theory, and finally, the way that
such knowledge can be applied differently (obtaining another proof).

We have divided the students’ answers into the following types (see Table 2):
[T1] Complete answer is given.
[T2] Technically obtained a numerical result, but have not provided a conclusion or comment.
[T3] Getting half way through the solution.
[T4] Can use terminology and some basic properties.
[T5] Difficulties in understanding the basic concepts and properties of vectors and dot product,
conclusion based on a wrong assumption.
[T6] No answer whatsoever.

Table 2. Number of Students with a Certain Type of Answer

Problem1 Problem?2 Modified Problem 2 Problem 3
[T1] | O 3 11 2
[T2] |7 3 0 4
[T3] |3 5 6 6
[T4] |9 7 6 6
[T5] |6 4 2 2
[T6] |5 8 5 10

These types of answers relate to the first three stages of Bloom’s taxonomy, but can be better explained by the
levels of understanding, i.e. using the SOLO taxonomy (Hook, P., Gravett, C., Howard, M. & John, E., 2014).
Namely, [T1] represents relational level where students can relate notions and objects, can compare and analyze
the obtained results, and draw conclusions as well; [T2] and [T3] represents the multi-structural level, [T4]
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represents uni-structural level, [T5] and [T6] represent the pre-structural level. Table 3 represents the number of
students in each level of understanding using the SOLO taxonomy.

Table 3. Students with Certain Level of Understanding by SOLO Taxonomy

|_evels of understanding Problem1  Problem2  Modified Problem2  Problem 3
Pre-structural 11 12 7 12
Uni-structural 9 7 6 6
Multi-structural 10 8 6 10
Relational 0 3 11 2

It is obvious from Figure 3 that one third of the students have difficulties understanding the basic notions of
vector algebra and are expected to repeat the VA course again. Some of the students are genuinely unable to
understand the material at a deeper level, since their background knowledge is not on the required level. Some
of them complain about insufficient time, since they have a higher workload on some of the other courses.
Clearly, these students have to make significant changes in the way they learn the material. For instance:
regularly following the professor’s lectures and the teaching assistant’s guidance, communicating with each
other as well as with the teachers and not only communicating about which problems were given on the past
exams, but about how well they understand the theoretical part and how to apply it in certain types of problems.

The groups of students whose understanding of the given subject is at uni-structural and multi-structural levels
are smaller, but not significantly. Some of them must focus on better communication with each other and
forming their own support groups, since their communication with the teaching assistant is commendable.

12
10

8

6 mP1
4 W P2
’ u MP2
o 4 mP3

Figure 3. Interpretation of the Results from Table 3

After conducting an interview with these students, we understood that they use additional materials, such as past
exams, as well as video lectures and online texts available on the Internet. It seems that students are used to
avoiding the support that their professor and teaching assistant are providing, and consult them about the
material just a couple of days before the exam. Almost the same could be said of those few students that qualify
for the relational level of understanding. We have discovered that most of these students are under pressure to
obtain a higher grade, since they want to qualify for scholarship from the Ministry of Education and Science.
Their focus is therefore misplaced. We suspect that in these cases that is the reason why their performance is not
on the highest level. These students should be encouraged to create positive feelings about learning or solving
exercise problems, such as challenge, interest, competition and a sense of significance and achievement.

Discussion

The teaching and learning in universities is currently quite traditional: the professor covers the course material
through lectures, while the teaching assistant conducts the exercises. We investigated our observations of
insufficient critical reasoning by testing students with straightforward problems from Vector algebra course
curriculum material. The course material is connected with background knowledge of trigonometry, logic and
geometry from secondary school. We expected that the students had a well-structured knowledge base. Clearly,
that was not the case. Although it is a general opinion that “mathematics cannot be learned with memorization”,
it is evident that memorizing is necessary to some extent: the basic notions need to be memorized and connected
with some basic examples and counterexamples that can lead to understanding the essence of that notion.
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The results show that when problems are mostly numerical and correctly formulated using the terminology from
vector algebra courses, one third of the students can obtain the final result (as in problem 2). It is our opinion
that the students are unable to make connections between coplanar vectors and linear dependence of vectors, i.e.
are unable to independently perceive the relationship between geometric representation of vectors and the
algebraic notion of linear (in)dependence. This means that for two thirds of the students the level of
understanding does not exceed the multi-structural level. However, more than half of the students solve such
problems very successfully when they are formulated using terminology from linear algebra (modified problem
2) and come relatively easily to an algebraic solution just applying a standard scheme of solving, without any
deep reasoning and without a need of creating a geometric representation. One explanation for such results is
students’ education and experience. Namely, in the secondary school curriculum of the elective course Linear
algebra and analytic geometry (3" year of high school, i.e. junior high school), students were instructed in
solving problems with linear dependence of vectors just using the pattern that the definition of linear
dependence requires.

The students’ results are quite different when it comes to solving a numerical problem that has no solution or
when it is not properly set (problem 1). Nobody has even tried to provide a conclusion (even an incorrect one)
or to question why the final result is such as it is. It is clear that one third of the students have “weaknesses” in
the previously obtained mathematical knowledge from secondary school (properties of trigonometric functions).
Also, one third of the students were not capable of understanding the problem at all when it does not fit in any
scheme and the final third were capable of using the definition and some basic properties, but have difficulties in
obtaining a numerical result. Among these students, we noticed two types of misconceptions (or errors):
computational and conceptual. Conceptual errors were due to students’ lack of distinguishing vectors from
scalars (an example can be seen in Appova, A. & Berezovski, T., 2013) and vector from the length of a vector.
These errors occur because students have misunderstood the underlying concepts of a vector and length of a
vector, so later on there were problems in understanding the operation dot product. An explanation can be found
in Tabaghi (2010) who suggests that students’ ability to transition between operational thinking (“conceiving a
mathematical entity as a product of a certain process”) to structural thinking (“involves the conception of
mathematical entity as an object”) is critical. Appova, A. & Berezovski, T., 2013 suggests that a problem and/or
solution should “emphasize a geometric meaning”, i.e. it is important for students to explore abstract concepts
through geometric representations to overcome the difficulties and misconceptions.

Similarly, as in providing the solution in problem 1, students had difficulties in reaching the final conclusion in
problem 3. Only two out of thirty students had solved the problem correctly and 10 did not even try to solve it. It
was noticeable that two-thirds of the students had a geometric representation of the problem (a rhombus was
drawn and the suitable vectors were noted). Among the rest of the students, either conceptual errors occur (not
distinguishing vector from the length of a vector) or there was a gap in remembering a theorem learned in
primary school (the diagonals in any rhombus are mutually orthogonal), that could lead them to the proper
conclusion and final solution.

Learning is a complex phenomenon, and rather than trying to explain what it is, one must simply recognize its
complexity and say that it is better projected in the performance of learners (Ohlsson, S. & Rees, E., 1991).
What should teachers do to increase the effectiveness of teaching? Obviously, the lectures should be less
traditional: the theoretical part should not just be presented, but restructured so that existing knowledge is
connected with the new knowledge (Biggs, J.B. & Tang, C.S, 2011). The planning of the course (both lectures
and exercises) should be less traditional as well: appropriate homework according to the available time of the
student should be given; appropriate problems according to the abilities of the students should be proposed and
the professor should facilitate the coordination of different disciplines (in the case of dot product with physics)
to achieve integrated education (Aada K., 2020). This approach will help the students not only “just memorize”
the new notions and/or results, but “discover” them themselves. Namely, some simple properties of vectors
when dot product is in question can be “discovered” by solving concrete problems in Euclidian two-dimensional
or three-dimensional space (Celakoski, 1996). The students have to be encouraged to formulate the properties
themselves and to provide their proofs (as a homework assignment that can be conducted individually or in
groups). In that way students boost their self-confidence and are motivated to accomplish more difficult tasks.
Greater attention should be given to providing feedback on homework or tests, with constructive use of the
errors, especially for conceptual errors that are the most difficult for students to recognize. This means that
students must feel free to admit an error without having to worry that the admission will be used in their final
grade. “Errors are important learning opportunities, but formative feedback is essential in learning from error. In
the course of learning, students inevitably create misconceptions that need to be corrected so that any
misunderstandings can be set right, literally in the formative stage” (Biggs, J.B. & Tang, C.S, 2011).
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In our opinion, planning the course differently so that students become aware of different approaches and
applications in sciences will contribute to a greater understanding of the course material. Future work should
focus on problems in understanding other vector algebra operations (cross product and mixed product). For
more certain conclusions on the students’ methods of problem solving, the process of obtaining a solution
should be followed, i.e. using a different methodology. Participants should be asked to report on their thinking
process during or after providing a solution to a presented problem.

Conclusion

In this work we describe students’ understanding and application of the algebraic operation dot product of two
vectors and along with that, the relations between dot product properties and the geometric representation in
concrete problems. Here, we focused on a sample of the situation with critical reasoning over many broader but
just as important (and ignored) parts of the educational reforms (teachers’ evaluation, grade school’s system,
inclusiveness, etc.) The outcome of rash reforms is that the teaching profession is not understood and valued as
it should be in a progressive society. Teachers have almost lost their necessary dedication to the profession since
the educational system is not really stimulating the teaching profession. Mathematics teachers experience even
greater pressure because of the measurable results in detail and the societal importance of that skill. However,
properly educating new generations is not just a plain obligation; it should be a fulfilling and pleasant duty to
perform. Successfully teaching math means being passionate about mathematics and teaching. If students cannot
learn this, then they cannot perform as good teachers. In order to achieve the best results from the learnt material
and also in teaching, stimulating good communication between students is critical, as well as amongst students
and teachers.
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